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JACOB’S LADDERS AND SOME GENERALIZATIONS OF
CERTAIN RAMACHANDRA’S INEQUALITY
JAN MOSER
Abstract. In this paper we obtain some essential generalizations of certain
Ramachandra’s inequality, i. e. we obtain new lower estimates for the energies
of some complicated signals generated by the Riemann zeta-function on the
critical line.
1. Introduction
1.1. Let
Z(t) = eiϑ(t)ζ
Å
1
2
+ it
ã
,
ϑ(t) = − t
2
lnπ + Im lnΓ
Å
1
4
+ i
t
2
ã
be the signal generated by the Riemann zeta-function on the critical line. Next, let
us remind the following formulae (see [3], (9.1), (9.2))
Z˜2(t) =
dϕ1(t)
dt
, ϕ1(t) =
1
2
ϕ(t), t ≥ T0[ϕ],
Z˜2(t) =
Z2(t)
2Φ′ϕ[ϕ(t)]
=
∣∣ζ ( 12 + it)∣∣2{
1 +O ( ln ln tln t )} ln t ,
t ∈ [T, T + U ], U ∈
Å
0,
T
lnT
ò(1.1)
where ϕ(t) is the Jacob’s ladder, i. e. the exact solution of the nonlinear integral
equation (see [2]) ∫ µ[x(T )]
0
Z2(t)e−
2
x(T )
tdt =
∫ T
0
Z2(t)dt,
µ(y) ≥ 7y ln y, µ(y)→ y = ϕµ(T ) = ϕ(T ).
The function ϕ1 is, of course, also the Jacob’s ladder.
1.2. Let (see [4], (2.1))
ϕ01(t) = t, ϕ
1
1(t) = ϕ1(t), ϕ
2
1(t) = ϕ1(ϕ1(t)), . . . ,
ϕk1(t) = ϕ1(ϕ
k−1
1 (t)), . . .
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where ϕk1(t) stands for the k-th iteration of the Jacob’s ladder ϕ1(t), t ∈ [T, T +U ].
We have obtained the following formula in our paper [4]
1
U
∫ T+U
T
n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2 dt ∼
∼
n∏
k=0
1
ϕk1(T + U)− ϕk1(T )
∫ ϕk1(T+U)
ϕk1(T )
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣2 dt,
U ∈
Å
0,
T
ln2 T
ò
, T →∞.
(1.2)
This formula is motivated by the well-known multiplication formula from the theory
of probability
M
(
n∏
k=1
Xk
)
=
n∏
k=1
M(Xk)
where Xk are the independent random variables and M is the population mean.
1.3. Next, in the paper [5] we have obtained the following formula in the same
direction as (1.2) ∫ T+U
T
F [ϕn+11 (t)]
n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2 dt ∼
∼
{∫ ϕn+11 (T+U)
ϕn+11 (T )
}
lnn+1 T,
U ∈
Å
0,
T
ln2 T
ò
, T →∞
(1.3)
for every fixed n ∈ N and for every Lebesgue-integrable function
F (t), t ∈ [ϕn+11 (T ), ϕn+11 (T + U)], F (t) ≥ 0(≤ 0).
1.4. Let us remind, finally, the inequality of Ramachandra (see [1], p. 249)∫ T+Y
T−Y
∣∣∣∣ζ(r)
Å
1
2
+ it
ã∣∣∣∣dt > AY (lnY )r+ 14 ,
lnc T ≤ Y ≤ T, r = 0, 1, 2, . . .
(1.4)
for every fixed r (ζ(r) is the r-th derivative of the zeta-function). If we use the
simple transformation
T − Y → T, T + Y → T + U
then we obtain the usual form of (1.4)
(1.5)
∫ T+U
T
∣∣∣∣ζ(r)
Å
1
2
+ it
ã∣∣∣∣dt > BU (lnU)r+ 14
with
(1.6) 3 lnc T ≤ U ≤ 2T.
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In this paper we obtain an essential generalization of the Ramachandra’s inequality
(1.5) in the following cases:
U ∈
ï
3 lnc T,
T
lnT
ò
,
U ∈
ï
T
1
3+2ǫ,
T
ln2 T
ò
.
(1.7)
2. Results
2.1. In the first case of (1.7) the following theorem holds true.
Theorem 1. If
(2.1) ϕ1
ßï
T˚ ,÷˚T + Uò™ = [T, T + U ]
then ∫ ˚‘T+U
T˚
∣∣∣∣ζ(r)
Å
1
2
+ iϕ1(t)
ã∣∣∣∣ ∣∣∣∣ζ Å12 + it
ã∣∣∣∣2 dt >
>
B
2
U(lnU)r+
1
4 lnT, U ∈
ï
3 lnc T,
T
lnT
ò
,
r = 0, 1, 2, . . . , T →∞
(2.2)
for every fixed r.
Next, in the second case of (1.7) the following Theorem holds true.
Theorem 2. If
(2.3) U ∈
ï
T
1
3+2ǫ,
T
ln2 T
ò
then ∫ T+U
T
∣∣∣∣ζ(r)
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣ n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2 dt >
>
B
2
U(lnU)r+
1
4 (ln T )n+1,
r = 0, 1, 2, . . .
(2.4)
for every fixed r, n; n ∈ N.
If we use the Cauchy’s inequality in (2.4) by the following way∫ T+U
T
|ζ(r)|
n∏
k=0
|ζ|2dt ≤
√
U
[∫ T+U
T
|ζ(r)|2
n∏
k=0
|ζ|4
]1/2
, . . .
then we obtain (for example) the following
Corollary.∫ T+U
T
∣∣∣∣ζ(r)
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣2
m n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2
m+1
dt >
>
Å
B
2
ã2m
U(lnU)2
m(r+1/4)(lnT )2
m(n+1)
(2.5)
Page 3 of 6
Jan Moser Jacob’s ladder . . .
for every m ∈ N and every fixed r, n.
Remark 1. The essential generalizations of the Ramachandra’s inequality are ex-
pressed by the formulae (2.2), (2.4) and (2.5) for the corresponding segments.
Namely, the lower estimates of the energies of the following complicated signals ∣∣∣∣ζ(r) Å12 + iϕn+11 (t)
ã∣∣∣∣ ∣∣∣∣ζ Å12 + it
ã∣∣∣∣ , t ∈ ïT˚ ,÷˚T + Uò , ∣∣∣∣ζ(r) Å12 + iϕn+11 (t)
ã∣∣∣∣ n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣ , U ∈ ïT 13+2ǫ, Tln2 T
ò
,
∣∣∣∣ζ(r)
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣2
m−1 n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2
m
, U ∈
ï
T
1
3+2ǫ,
T
ln2 T
ò
are expressed by the formulae (2.2), (2.4) and (2.5).
3. Proof of Theorems
3.1. In the case (2.1) we apply our lemma (see [3], Lemma 4, (9.7)): if
f(x) ≥ 0(≤ 0), x ∈ [T, T + U ]
is a Lebesgue integrable function then
∫ ˚‘T+U
T˚
f [ϕ1(t)]
∣∣∣∣ζ
Å
1
2
+ it
ã∣∣∣∣2 dt =
=
ß
1 +O
Å
ln lnT
lnT
ã™
lnT
∫ T+U
T
f(x)dx, U ∈
Å
0,
T
lnT
ò
.
(3.1)
If
f(x) =
∣∣∣∣ζ(r)
Å
1
2
+ ix
ã∣∣∣∣
then we obtain from (3.1) by (1.5)
∫ ˚‘T+U
T˚
∣∣∣∣ζ(r)
Å
1
2
+ iϕ1(t)
ã∣∣∣∣ ∣∣∣∣ζ Å12 + it
ã∣∣∣∣2 dt =
=
ß
1 +O
Å
ln lnT
lnT
ã™
lnT
∫ T+U
T
∣∣∣∣ζ(r)
Å
1
2
+ it
ã∣∣∣∣ dt >
>
ß
1 +O
Å
ln lnT
lnT
ã™
BU(lnU)r+
1
4 lnT >
B
2
U(lnU)r+
1
4 lnT,
and (see (1.6), (3.1))
[3 lnc T, 2T ]
⋂Å
0,
T
lnT
ò
=
ï
3 lnc T,
T
lnT
ò
,
i. e. we have obtained the estimate (2.2).
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3.2. In order to prove the inequality (2.4) we use the formula (1.3) in the case
F (t) =
∣∣∣∣ζ(r)
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣ .
Consequently, we obtain (see (1.5)) that
∫ T+U
T
∣∣∣∣ζ(r)
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣ n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣dt ∼
∼
{∫ ϕn+11 (T+U)
ϕn+11 (T )
∣∣∣∣ζ(r)
Å
1
2
+ it
ã∣∣∣∣dt
}
(lnT )n+1 >
> (1 − ǫ)B [ϕn+11 (T + U)− ϕn+11 (T )] {ln [ϕn+11 (T + U)− ϕn+11 (T )]}r+ 14 (ln T )n+1.
(3.2)
In the case (2.3), i. e. in the macroscopic case with respect to the terminology
used in [5], we have
(3.3) ϕn+11 (T + U)− ϕn+11 (T ) ∼ U, U ∈
ï
T
1
3+2ǫ,
T
ln2 T
ò
,
(see [5], (3.8)). Then, finally, from (3.2) by (3.3) the estimate
>
B
2
U(lnU)r+
1
4 (ln T )n+1
follows, i. e. the formula (2.4) is verified.
4. Concluding formulae
In our paper [5], (2.14) – (2.17), we have obtained the following formulae
(4.1)
∫ T+U
T
n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣ dt ∼ U lnn+1 T, U ∈ ïT 13+2ǫ, Tln2 T
ò
,
∫ T+U1
T
∣∣∣∣ζ
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣4 n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2 dt ∼
∼ 1
2π2
U1 ln
n+5 T, U1 = T
7
8+ǫ,
(4.2)
∫ T+U
T
ß
arg ζ
Å
1
2
+ iϕn+11 (t)
ã™2l n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2 dt ∼
∼ (2l)!
l!4l
U lnn+1 T (ln lnT )l, U ∈
ï
T
1
2+ǫ,
T
ln2 T
ò
,
(4.3)
∫ T+U
T
{
S1[ϕ
n+1
1 (t)]
}2l n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2 dt ∼
∼ dlU lnn+1 T, U ∈
ï
T
1
2+ǫ,
T
ln2 T
ò
,
(4.4)
T →∞, for every fixed l, n ∈ N where
S1(T ) =
∫ T
0
S(t)dt, S(t) =
1
π
arg ζ
Å
1
2
+ it
ã
,
and the function arg is defined by the usual way (comp. [6], p. 179).
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Remark 2. Now, we obtain from (4.1) – (4.4) in the direction of our Corollary the
following inequalities∫ T+U
T
n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2
m+1
dt > D2
m
U(lnT )2
m(n+1),
U ∈
ï
T
1
3+2ǫ,
T
ln2 T
ò
,
∫ T+U1
T
∣∣∣∣ζ
Å
1
2
+ iϕn+11 (t)
ã∣∣∣∣2
m+2 n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2
m+1
dt >
> D2
m
U1(lnT )
2m(n+5), U1 = T
7
8+2ǫ,∫ T+U
T
ß
arg ζ
Å
1
2
+ iϕn+11 (t)
ã™l2m+1 n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2
m+1
dt >
> {D(l)}2mU(lnT )2m(n+1)(ln lnT )l2m , U ∈
ï
T
1
2+ǫ,
T
ln2 T
ò
,
∫ T+U
T
{
S1[ϕ
n+1
1 (t)]
}l2m+1 n∏
k=0
∣∣∣∣ζ
Å
1
2
+ iϕk1(t)
ã∣∣∣∣2
m+1
dt >
> D2
m
U(lnT )2
m(n+1), U ∈
ï
T
1
2+ǫ,
T
ln2 T
ò
,
T →∞, for the energies of the corresponding complicated signals.
I would like to thank Michal Demetrian for his help with electronic version of
this paper.
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